Let D be a bounded weakly pseudo-convex domain in C2 of uniform strict type. For any positive divisor M of D with finite area, there exists a holomorphic function / in the Nevanlinna class such that M is the zero set of /. The proof is to study the solutions of 8 with Ll(dD) boundary values.
Let D be a bounded weakly pseudo-convex domain in C .In this paper we study the Poincaré-Lelong equation (2) du = f onD where / is a ¿5-closed (0,1) from in D. When D is "strongly" pseudoconvex in C", n > 2, Henkin [6] and Skoda [18] have studied equations (1) and (2) independently and obtained precise estimates of the solutions u on the boundary. From this they were able to completely characterize the zero sets of the functions in the Nevanlinna class on strongly pseudo-convex domains. They showed that a zero divisor is the zero set of a function in the Nevanlinna class if and only if the zero divisor satisfies the Blaschke condition (see Definitions 1.3, 1.4 in §1). This generalized the classical Blaschke theorem in C1 to strongly pseudo-convex domains in C" . (An excellent account of the Henkin-Skoda theorem on the unit ball in C" can be found in Chapter 17 of Rudin's book [16] , see also Harvey-Polking [5] .) When D is only weakly pseudo-convex, such results are unknown except for the special case when D is a complex ellipsoid (see ). In this case one can use dilation to study the solutions of equations (1) and (2) from the known solutions for the ball. In this paper we solve (1) and (2) with boundary values in Ls(dD) when D is a 2 weakly pseudo-convex doamin in C which have smoothly varying holomorphic support functions near the boundary 3D. In particular our results can be applied to the case when D is a convex domain with real-analytic boundary in C . Using these results we can construct functions in the Nevanlinna class with given zeros provided the zero sets have finite area. Our main results are the following theorems (all the definitions can be found in §1).
•y Theorem 1. Let D be a pseudo-convex domain in C of uniform strict type m . Let f be a continuous (0, l)-form on D and df = 0, then there exists a function U G A,, (D) such that Bu = f and u satisfies the following estimates:
IMIlvz» ^cP\\f\\ü(dD) where~ = --77777-2' if p = m + 2 IImIIl''(öö) -CpWfWifwD) for all p < 00, ifm + 2<p<oe
(iii) \\u\\ApJdD) < cp\\f\\LP{dD) for every 1 < p < 00 where c, cp are con- When D is strongly pseudo-convex, this result was obtained by Gruman [4] .
In [20] . Stein showed that for any function / in the Nevanlinna class on D, f has admissible limits at almost every boundary point. Using this and Theorem 3, we have the following result concerning the boundary values of meromorphic functions of bounded characteristic. Corollary 3.1. Let D be the same as in Theorem 3. Let g be a meromorphic function of bounded characteristic in D such that the pole sets of g have finite area. Then one can find two holomorphic functions f and h in the Nevanlinna class on D such that g = f/h . In particular, g has admissible limits at almost every boundary points.
The plan of the paper is as follows: In § 1 we introduce the notation which is used in the paper. Theorem 1 is proved in §11 using the Henkin kernel. The Henkin kernel for the domains we considered was constructed by Range [14] . Our main task is to relate the boundary values of the solution to the solution of the tangential Cauchy-Riemann equation db obtained by the author recently in [17] , thus providing the estimates on the boundary. We prove Theorems 2 and 3 in §111. 
and F(7,z) = 0 where c and e are some positive constants.
Thus, if a domain D is of uniform strict type m , then there exists a smoothly varying holomorphic support function near the boundary, and the holomorphic curve defined by the zeros of the support function has order of contact m with the boundary. (For related properties of uniform strict type, see Kohn [8] and Range [14] .) Simple examples of pseudo-convex domains of uniform strict type are strongly pseudo-convex domains (m = 2), domains of strict type defined in Kohn [8] and the convex domains with real-analytic boundaries. If a pseudoconvex domain is of uniform strict type m , then m must be even. We note that there are pseudo-convex domains of finite type in C2 without holomorphic support functions (see ). and L(dD) are defined similarly. We define the spaces Apa(dD), 0 < a < 1, 1 < p < oo, to be the function space with the following norm (see Stein [19] )
where C = {X(t) = t e [0,1] -► X(t) G dD, X(t) is C1 and \X'(t)\ < 1}.
When p = oo, we write A^(dD) = Aa(dD) also, which is the Holder space of exponent a. It is well known that Apa(dD) c L (dD) and the inclusion is compact.
The (p,q) forms on dD, denoted by B (dD), are the projection of the (p,q) forms on D onto the parts which are orthogonal to dp. We use t to denote this projection.
The tangential Cauchy-Riemann operators 5b = Bp q(dD) -> Bp q+x(dD) are the induced complex of the Cauchy-Riemann complex 9 onD. We refer the readers to Kohn-Rossi [ 10] It follows from Henkin [6] , Skoda [18] that if / G N(D), then the zero divisor Mj. of / must satisfy the Blaschlse condition. As Skoda pointed out in [ 18] that this condition was first observed by Stoll and Gavot.
II. Solving ¿5 with Lp estimates on the boundary
In this section we shall prove the estimates in Theorem 1 using Henkin's solution for ¿5 constructed by Range [14] . For the basic properties of Henkin kernel, we refer the readers to Henkin-Leiterer [7] and Range [14] and Romanov [15] .
Proof of Theorem 1. By the assumption of uniform strict type m , it is proved in [14, 17] that there is exists a C function <P(£,z) on U x D which is holomorphic in z e D and <P satisfies (i) <D(C,C) = 0, O(C,0t¿0 for all |C-z|>e, (ii) <t>(Ç.,z) = F(Ç,z)H (7,z) for |C -z\ < e, where H is a C1 function with 0< A0 < \H\ <AX <oo. By Hefer's theorem, we also have the decomposition 0(C,z) = ¿P,(C,*)(C, -z¡¡ = (P(0,7-z) i=\ where the functions Pt(C,z) are C in C and holomorphic in z, P(Ç,z) = (Px (7,z), P2(C, z)) is the Leray map which is holomorphic in z . It is well known that from P(Ç,z) and the Bochner-Martinelli-Koppelman formula one can construct the Henkin kernel for the ¿5- To estimate RaDf, we notice that for fixed Ç G dD, the kernel K(Ç, z) has singularity only when z = Ç. If we fix a ball B£(Q , centered at Ç with radius e, it is easy to see
Jd\b,(C) Jd\bm) |<P(í¡,z)|K-z| uniformly in 7. Thus we only need to estimate JB,¡)\K(C,z)\dV(z). On BE we introduce a special coordinate chart (tx,t2,t3,y) = (t,y) such that y = \p(z)\, t3 = ImO(C,z) and (tx,t2) = t' is chosen so that t'(z) = t'(z) where z e dD is the normal projection of z onto dD. It follows from [17, Lemma 3. Combining (2.1) and the above, we have proved (i). In order to estimate the boundary values of u in terms of the boundary values of /, we express the integral BDf in a different manner using L(Ç, z) when z G dD.
Introducing kernels R*(7,,z,X), K*(7.,z) and L*(Ç,z) where R*(7,z,X) = R(z,7,X),
then R*(Ç,z,X), K*(7,z) and L*(7,z) are well defined for 7, G D and ze U . Since R(7,z,X) satisfies the homotopy formula (see Lemma 2.5 in Shaw [17] for a proof) (d¡.z + dk)R(7,z,X) = 0 for zgD, 7 G Us , we have (2.4) (diz + dJR*(Ç,z,X) = 0 forÇGD, zgUS.
For z G U , it follows from (2.4) and the fact L*(7,z) is holomorphic in 7 G D, we have by Stokes' theorem, / f(7)AdrR*(7,z,X)Ad7xAd72 0<A<I = / f(OAdizR*(7,z,X)AdÇxAdÇ2
Thus for z e <9£>, we have df=0
Substituting (2.5) in u we obtained the following formula for u if z G dD :
Let /(z) = ft+fn where ft = xf on dD where t is defined in §1 and fn = gdp for some function g on dD. Then Raofn= I g(OAdpAK(7,z)AdÇxAd72 ) i.e. the boundary values of u depends only on the tangential part of / on dD. Formulas (2.6) coincides with the formula (2.15) in [17] , which solves the tangential Cauchy-Riemann equation dbu = ft on dD.
It is proved in Lemma 3.22 of [17] that the kernels K(7,, z) and K*(7, z) are of weak type ^±y on dD. Thus we have all the results in (ii). The estimates (iii) follows from Theorem 2 in [17] . Thus our theorem is proved.
III. PoINCARÉ-LeLONG EQUATION AND ITS APPLICATIONS
In this section we shall prove the estimates for the Poincaré-Lelong equation and its applications (Theorems 2 and 3). To prove Theorem 2 we decompose Equation ( 1 ) Proof of Theorem 3. Let aM be the closed (1.1) current associated with the zero set M, i.e., if h is a holomorphic function on D which has zero set M, then j¡ddlog\h\ = aM by the Poincaré-Lelong formula. Let <pe(x) G C™(R) be a family of functions such that ç>£(x) > 0 for all x G R, <pe(x) is supported on \x\ < e/2 and J_x>00<Pe(x)dx = 1. We define Ve(z) = log|/z| * tpE, it follows that Ve(z)GC°°(De) and Ve(z) -» log \h(z)\. We define V£(z) to be a smooth extension of V£(z) to a neighborhood of D then V£(z) is a smooth function on D and Ve(z) -* log|/z(z)| a.e.
We define a£ = ^ddVe, it follows that a£ G CX°°X(D), ae is ¿-closed and positive.
In particular, q, -V). ._. a,¡ dz-Adz., a. -> a in measure a*,. < a*,. -I-a* Thus there exists a constant ^4 such that Using Theorem II, p. 48 in Stein [20] , both / and h have nonzero admissible limits at almost every boundary point, it follows that g has admissible limits at almost every boundary point.
Remark. When D is a ball in C2, under the same assumption as in Theorem 3, Berndtsson [1] has proved that there exists a bounded holomorphic function with zeros M. It is still unknown if this is true even for the general strongly pseudo-convex domains in C .
